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Abstract. From the kinematic point of view, the following parameters, constant or variable over time, can be highlighted in
biomechanics: anthropometric dimensions, variable angular positions of the analysed movements, as well as the boundaries
between which these angles vary. When considering the flexion-extension movement of the forearm to the arm, the structural
model can be adopted as the simple pendulum. For such a structural model, the flexion-extension angle of the elbow joint is the
generalised coordinates of the kinematic model. Since the purpose of the study is the post-traumatic recovery of the elbow joint,
the appropriate kinematic model is a direct type, requiring some angular articulation variations of the elbow and determining
the positions, speeds and accelerations of some points of interest the kinematic chain of the upper limb. Following the analysis
of the movement of the structural model with a degree of freedom, the following conclusions can be highlighted: the passive
flexion-extension movement of the forearm is oscillatory and can be compared to that of a simple pendulum; determining the
period and frequency of oscillation for a mechanical system are necessary for the articular rehabilitation of the elbow; in the
case of the first stages of joint rehabilitation, small angles of oscillation of the forearm can be fixed, with values smaller than 5
degrees.
Keywords: elbow joint, kinematic model, pendulum.

Introduction
From the kinematic point of view, the following parameters, constant or variable over time, can be highlighted
in biomechanics: dimensional anthropometric (segmental dimensions, positions of given points, joint dimensions
etc.); variable angular positions of the analysed movements, as well as the boundaries between which these angles
vary; linear or angular positions of given points of interest; speeds and accelerations of points of interest (AbdelMalek, Yu, Yang, & Nebel, 2004; Asada & Fortier, 1999).
Depending on the link between these parameters, in biomechanics we can have: the direct kinematic analysis,
where the dimensional anthropometric dimensions and the variable angular positions of the independent
movements being analysed are known (these angular positions are called generalised coordinates of the structural
model) and it is necessary to determine the variable positions of some given points, as well speeds and
accelerations of those points corresponding to the analysed kinematic chain (Garland & O’Hollaren, 1982;
Jasińska-Choromańnska, 2006). This type of analysis can be applied in the case of the determination of motor,
normal, pathological or performance parameters, post-traumatic recovery or recovery after an intense effort,
starting from the anthropometric dimensions of the subject under consideration and from the angular values
determined by rule, goniometer, of the independent movements studied (Paraschiv, Paraschiv, & Cimpoeșu, 2015;
Shiba et al., 1988; Tuohy, 2000).
Reverse kinematic analysis, where the variable positions of given points and/or the speeds and accelerations of
those points are known, and the angular magnitudes of the independent movements analysed, as well as the
anthropometric segment dimensions of the model structurally considered. This type of analysis can be applied with
usefulness in performance sports. The mathematical general expression for the two types of analysis is (Paraschiv,
Cimpoeșu, & Paraschiv, 2015):
X  f ( ) ,

(1)

for direct kinematic analysis where θ is known and X must be determined and:
`
θ  f 1 (X)

(2)

for the reverse kinematic analysis, where X is known and θ is to be determined.
Given that the purpose of our study is the post-traumatic recovery of the elbow joint, the appropriate kinematic
model is a direct type, requiring some angular articulation variations of the elbow and determining the positions,
velocities and accelerations of some point’s interest of the superior member's kinematic chain.
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Topic Addressed
Numerical and experimental results
When considering the flexion-extension movement of the forearm to the arm, the structural model can be
adopted as the simple pendulum. For such a structural model (Figure 1), the flexion-extension angle of the elbow
joint is the generalised coordinate (denoted by “q” below) of the kinematic model.



Figure 1. The joint model with a degree of freedom (Paraschiv, Cimpoeșu, & Ursanu, 2014)
The position of an arbitrary point on the forearm using the polar coordinates can be written as follows:
x  r  sin q,
(3)
y  r  cos q,
where: r – is the length of the forearm or the length from the joint of the elbow to the point considered on the
forearm; q – is the generalised coordinate, respectively the flexion-extension angle.
The “r” dimension being constant, the only variable describing the movement is the “q” angle made by the
forearm with the vertical, as shown in Figure 2.

q

Figure 2. The pendulum movement of the forearm
The instantaneous movement of any point on the forearm measured along the circle arc is:
ds  r  dq ,
where the instantaneous tangential speed results:
vt  r 

dq
dt

(4)
(5)

and instantaneous tangential acceleration of the shape:
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at  r 

d 2q .
dt 2

(6)

If the relationship (3) is derived in relation to time, the components of the velocity and acceleration of a given
point on the forearm are obtained from an orthogonal coordinate axis system (denoted xOy and represented in
Figure 3) of the form (Morrey, Chao, & Hui, 1979; Hesse, Schmidt, Werner, & Bardeleben, 2003):
dq
 cos q  r    cos q,
dt
dq
v y  y  r   sin q  r    sin q,
dt

vx  x  r 

(7)

and respectively:
dω
dq
a x  x  r 
 cos q  r  ω   sin q  r  ε  cos q  r  ω 2  sin q,
(8)
dt
dt
dω
dq
a y  y  r 
 sin q  r  ω   cos q  r  ε  sin q  r  ω 2  cos q,
dt
dt
where ω represents the angular rotation speed of the forearm and ε is the angular acceleration of the forearm.

O

x
q
r

y
Figure 3. Orthogonal axis coordinate system
In order to plot the kinetic parameters variation graphs it is necessary first to know the distance "r" from the
elbow joint to the point on the forearm. For example, the point is the wrist, so the size r is even the length of the
forearm. This length, from the anthropometric data, is calculated with the relation:
(9)
r  l ab  0.146  H ,
where H is the height of the analysed subject. For a subject with H = 1.71 [m], a forearm length of lab =
0.24966[m] results.
Figures 4 and 5 show the x and y coordinate variations of the “wrist’ point on the forearm for the flexion
movement between 0° and 150° of the elbow joint using the relationships (3).
In the case of velocity, it is necessary to know the angular velocity-extension velocity ω, for which the
variation graphs of components vx and vy were chosen, for which a constant value corresponding to the passive
mobility during the post-traumatic recovery of the elbow was chosen. With ω = 0.174 [radians / s] and r = lab =
0.24966 [m], Figures 6 and 7 represent the variation graphs of the velocity components in the forearm flexion
movement using the analytical expressions (7).
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Figure 4. Variation of displacement x depends on the angle of flexion
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Figure 5. Variation of displacement y in relation to flexion angle
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Figure 6. Velocity variation vx during flexion of the forearm
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Figure 7. Variation of velocity vy during forearm flexion
The angular velocity ω allows the determination of the rotation period, knowing that:
ω = 2 · π / T,
the “T” period resulting from the flexion-extension amplitude denoted φmax as follows:
r  1
9
,
2 φ max
4 φ max
T  2 π 

 1  sin
g  4

2



64

 sin

2

 ...... 


(10)
(11)

where: π = 3.14159265... and g ≈ 9.81 [m/s2] – gravity acceleration, are constant values. Considering r = lab =
0.24966 [m] and max = 150°, results from mathematical calculations based on relations (10) and (11): T =
1.358856 [s] and ω = 4.623878 [rad/s].
The structural model of the simple pendulum can be easily determined on the basis of dynamic considerations,
its equation of motion. Thus, from the expression of velocity, from relation (5): v  r  q  r  ω , it is possible to
write the kinetic energy of the simple pendulum, of the form:
Ec 

1
1
 m  v 2   m  r 2  q 2 ,
2
2

(12)

where “m” represents, in the analysed case, the mass of the forearm.
The potential energy of the pendulum is:
E p  m  g  (r - r  cosq),

(13)

2

where g = 9.81 [m/s ] represents the acceleration of gravity.
The pendulum motion equation can be simply determined from the Lagrange equations of the second type, of
the form:
,
(14)
d  L  L
 
0
dt  q  q

where: L  Ec  E p  1  m  r 2  q 2  m  g  (r  r  cos q) is Lagrange’s function, either from the system’s total
2
energy conservation theorem, of the form:
dE
 0,
dt

(15)

where: E  E  E  1  m  r 2  q 2  m  g  (r  r  cos q) represent the total energy.
c
p
2
Using the theory of total energy conservation, we obtain the general equation of the pendulum movement, of
the form:
(16)
m  r 2  q  q  m  g  r  q  sin q  0 ,
where, by taking into account the common factor, the expression:
m  r  q  (r  q  g  sin q)  0 .
Equation (17) leads to two solutions, namely:
from q  0 , it results that the pendulum has no movement, being at rest;
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from q  g  sin q  0 , there are several discussions, namely:
r
 if the total energy E is less than a certain critical value, then the pendulum will move periodically,
back and forth, which means a flexion-extension movement of the forearm;
 if the energy E is greater than the critical value, then the pendulum rotates around the point of
suspension, which means that the movement of the forearm tends to damage the articulation of the
elbow destructively;
 if energy E is equal to critical value then there are two possibilities: first, if the pendulum starts the
motion, then it will approach the vertical position more and more but without touching it in a finite
time; the second is the situation where the pendulum stands exactly in the upright position, where
there is an undefined time.
The critical energy value E is the value of the potential energy for which q = ± π, this leading to the expression:
E cr  2  m  g  r .
-

Using the expression of critical energy, the law of variation of the generalised coordinate can be determined q
= q (t), of the Energy Conservation Act:
1
2  m  g  r   m  r 2  q 2  m  g  (r  r  cos q) ,
2

(18)

which is rearranged as:
q
q  2  ω  cos ,
0

(19)

2

where ω  g is the small oscillations frequency.
0
r
Considering that the pendulum starts the movement from q = 0, the solution of equation (19) is:
 1 e 2ω t  ,
(20)

q(t)  2  arcsin
 2 ω t 
 1 e

which shows that when the time “t” increases, the value of “q” tends towards π, the situation not being
encountered in the case of the movement of the forearm, knowing that the flexion cannot exceed 150° .... 160°.
Equation q  g  sin q  0 can be re-write under this form:
r
d 1 2 g d
, t ≥ t0.
(21)
  q    (cos q)  0
dt  2
 r dt
Equation (21) can be integrated with time to obtain the expression:
(22)
q (t)2  q (t 0 )2  2  g  cosq(t)  cosq(t 0 ),
r
where: q (t0) = q0 represents the initial position of the pendulum, respectively the initial position of the forearm
in its flexion-extension movement; this value can be q = 0.
 the following
Taking into account the relation (22) and the fact that the tangential velocity is v  r  q
0

0

expression is found:

v 2  2  g  r  (cosq  cos q 0 ) ,

(23)

considering the initial speed v 0  r  q ( t 0 )  0 .
From relation (23) results:

r  q  2  g  r  (cos q  cos q 0 ) ,

(24)

from where:
dq
4g  2 q 0
q.

  sin
 sin 2 
dt
r 
2
2

(25)

By separating the variables and integrating both members of the relationship (25), between the flexionextension extension limits of the forearm, the expression of the pendulum rotation period is expressed as:
,
(26)
T

r 150

g 0



dq
q0
q
sin
 sin 2
2
2
2
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a relation that is numerically equivalent to the expression (11) for which a value has previously been
calculated.
Conclusion
Following the analysis of the movement of the structural model with a degree of freedom, the following
conclusions can be highlighted:

the passive flexion-extension movement of the forearm is oscillatory and can be compared to that of a
simple pendulum;
 the period and frequency of oscillation, calculated with mathematical relationships such as (10), (11),
(26), are values necessary for a mechanical system of joint elbow rehabilitation, a system by which the
simple pendulum motion is imitated, controlled by the forearm;
 in the case of the first stages of articular rehabilitation, small angles of oscillation of the forearm and
angles ≤ 5° can be fixed so that the solution of the motion equation is q  q m  sin ωt , where qm is the
angular amplitude (which is fixed), ω = 2π/T is pulsation and T  2π  r the period of angular
g

oscillations.
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